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We compute the Casson invariant for some integral homology 3-spheres. We also show
that for every integer n, there exists an integral homology 3-sphere of Mazur type with
the Casson invariant 2n.
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1. Introduction
Casson introduced an integer valued invariant for integral homology 3-spheres via a construction on representation
spaces. This invariant, known as the Casson invariant [2,3] has been extensively studied (cf. [12]). In this paper we compute
the Casson invariant of some integral homology 3-spheres of Mazur type, which are given by double branched covers along
ribbon knots of 1-fusion.
In what follows a homology 3-sphere means an integral homology 3-sphere.
We recall the deﬁnition of a homology 3-sphere of Mazur type.
Deﬁnition 1.1. Let L be a 2-component link K1 ∪ K2 such that lk(K1, K2) = ±1 and the component K1 is a trivial knot. Let
M(K1, K2,0, r) be the integral homology 3-sphere given by surgery on the link L with K1 framed by zero and K2 framed
by r. The 3-manifolds M(K1, K2,0, r) are referred to as homology 3-spheres of Mazur type [10,12].
Remark 1.2. A homology 3-sphere of Mazur type bounds a contractible 4-manifold of Mazur type (cf. [1,4,7,8,10]).
2. Results
We consider a knot K in S3 which has a knot diagram described in Fig. 1, where each small rectangle named Ci is
determined by ci ∈ {−1,0,1} (i = 1,2,3,4) and there are disjointly embedded ﬁve subbands in the “big rectangle”, which
may be knotted, twisted and mutually linked. The diagram is called a 1-fusion diagram of K . We note that K is a special
case of ribbon knots of 1-fusion (cf. Deﬁnition 1.4 in [9]).
Let αi (i = 1,2,3,4,5) denote the (right-hand full) twisting number of i-th subband inside the “big rectangle”, and let
αi, j (i < j) denote the relative linking number of i-th subband and j-th subband inside the “big rectangle”. That is: Direct
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Fig. 2. Signs of each crossing of different subbands in the big rectangle.
Fig. 3. 1-fusion diagrams with (c1, c2, c3, c4) = (−1,−1,0,−1) and (c1, c2, c3, c4) = (1,1,0,−1).
the subbands from left to right and attach a sign to each crossing of different subbands, as shown in Fig. 2. Then αi, j is half
the sum of the signs of the crossings of i-th and j-th subband.
Our result is the following.
Theorem 2.1.
(1) Let K be a ribbon knot which has the 1-fusion diagram with (c1, c2, c3, c4) = (−1,−1,0,−1) as shown in the left diagram of
Fig. 3. Let ΣK be the double branched cover of S3 branched along K . Then ΣK is a homology 3-sphere of Mazur type and the
Casson invariant of ΣK is given as follows:
λ(ΣK ) = −4(α2,3 − α2,4 − α3,5 + α4,5) − 2.
(2) Let K ′ be a ribbon knot which has the 1-fusion diagramwith (c1, c2, c3, c4) = (1,1,0,−1) as shown in the right diagram of Fig. 3.
Let ΣK ′ be the double branched cover of S3 branched along K ′ . Then ΣK ′ is a homology 3-sphere of Mazur type and the Casson
invariant of ΣK ′ is given as follows:
λ(ΣK ′) = −4(α2,3 − α2,4 − α3,5 + α4,5).
Example 2.2. It is known that the Casson invariant of the Brieskorn homology sphere Σ(3,4,5) is equal to −2. Σ(3,4,5)
is represented as a double branched cover of S3 branched along a ribbon knot which has the 1-fusion diagram with
(c1, c2, c3, c4) = (−1,−1,0,−1) as shown in Fig. 4. Since α2,3 = α2,4 = α3,5 = α4,5 = 0, the formula in (1) of Theorem 2.1
gives the same answer for the Casson invariant of Σ(3,4,5).
2294 Y. Mizuma / Topology and its Applications 156 (2009) 2292–2294Fig. 4. A knot which has the 1-fusion diagram with (c1, c2, c3, c4) = (−1,−1,0,−1) and its double branched cover Σ(3,4,5).
To prove Theorem 2.1 we use the following result due to Montesinos.
Theorem 2.3. ([10]) Let K be a ribbon knot of 1-fusion with |K (−1)| = 1. Then the double branched cover of S3 branched along K
is a homology 3-sphere of Mazur type.
Proof of Theorem 2.1. By Theorem 2.3 and Theorem 1.17 in [9], which relies on Mullins’ formula for the Casson invariant of
double branched covers and the author’s own calculations with the Jones polynomial of ribbon knots of 1-fusion, we have
the statement. 
As a corollary of Theorem 2.1 we have the following.
Corollary 2.4. For every integer n there exists a homology 3-sphere of Mazur type whose Casson invariant is 2n.
Proof. Note that α2,3 − α2,4 − α3,5 + α4,5 in Theorem 2.1 takes on every integer value. Hence we complete the proof. 
3. Remark
Many examples of Brieskorn homology 3-spheres of Mazur type are known (cf. [1,4,7,8]), and explicit formulas for the
Casson invariant of Brieskorn and Seifert ﬁbered homology 3-spheres are known [5,6,11]. The author does not know whether
every even integer can be realized as the Casson invariant of a Brieskorn or a Seifert ﬁbered homology 3-sphere of Mazur
type.
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